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ABSTRACT

Electromagnetic, thermal and structural analyses of radio-frequency (RF) cav-

ities were performed as part of a developmental RF cavity program for muon cooling.

RF cavities are necessary to provide longitudinal focusing of the muons and to com-

pensate for their energy loss. Closing the cavity ends by electrically conducting win-

dows reduces the power requirement and increases the on-axis electric field for a given

maximum surface electric field. Many factors must be considered in the design of RF

cavity windows. RF heating can cause the windows to deform in the axial direction

of the cavity. The resulting thermal stresses in the window must be maintained below

the yield stress of the window material. The out-of-plane deflection must be small

enough so that the consequent frequency shift is tolerable. For example, for an 805

MHz cavity, the out-of-plane deflection must be kept below 25 microns to prevent

the frequency of the cavity from shifting more than 10 kHz. In addition, the window

design should yield smooth electric and magnetic fields, terminate field leakage be-

yond the window, and minimize beam scattering. In the present thesis, gridded-tube

window designs were considered because of their high structural integrity.

As a starting point in the analysis, a cylindrical pillbox cavity was considered

as a benchmark problem. Analytical and finite element solutions were obtained for

the electric and magnetic fields, power loss density, and temperature profile. Excellent

agreement was obtained between the analytical and finite element results. The finite

element method was then used to study a variety of gridded-tube windows. It was

found that cooling of the gridded-tube windows by passing helium gas inside the tubes

significantly reduces the out-of-plane deflection and the thermal stresses. Certain tube

geometries and grid patterns were found to satisfy all of the design requirements.

xiv
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CHAPTER 1

INTRODUCTION

In Section 1.1, Radio-Frequency (RF) cavities and RF cavity windows are

described, the objectives of the present work are briefly summarized, and the thesis

outline is presented. In Section 1.2, a literature review is presented.

1.1 Background and Objectives

Recently, a variety of fields such as telecommunications, medicine, and high-

energy particle physics have expressed significant interest in RF applications. The

present work demonstrates the use of the finite element method for the design of

structures subjected to RF power. In particular, we consider RF cavities, which

are metallic bodies that resonate in a desired mode of oscillation and at a desired

frequency.

The muon is an elementary particle that is about 200 times heavier than the

electron and has a very short average lifetime of about 2.2 µs. The production of

high-energy muon beams requires muon cooling. In thermodynamics, cooling means

reduction of the temperature of the material, whereas in particle physics, cooling

means reduction of both the beam size and divergence. Muon cooling requires the

use of RF cavities as accelerating structures [Alsharo’a et al. (2003)].

The ends of the RF cavity can be closed by electrically conducting materials

called RF cavity windows to reduce the power requirement and to increase the on-

axis electric field for a given maximum surface electric field [Moretti et al. (2000)].

The RF cavity window should be thin and made of material of long radiation length

to reduce the beam scattering. Thin, circular foils and thin-walled, gridded-tube

windows have been proposed as window candidates. The gridded-tube windows are

grid-like structures composed of tubes. Figure 1.1 shows a one-eighth section of a
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geometrical model of an RF cavity closed by a circular foil from one side and a

gridded-tube window from the other side. Many factors must be considered in the

design of RF cavity windows. RF heating can cause the windows to deform out-

of-plane (in the axial direction of the cavity). The resulting thermal stresses in the

window must be maintained below the yield stress of the window material. The

out-of-plane deflection must be small enough so that the consequent frequency shift

is tolerable. For example, for an 805 MHz cavity, the out-of-plane deflection must

be kept below 25 microns to prevent the frequency of the cavity from shifting more

than 10 kHz [Hartman et al. (2000), Hartman et al. (2001)]. In addition, the window

design should yield smooth electric and magnetic fields, terminate field leakage past

the window, and minimize beam scattering. These requirements will be explained

later in Section 5.1. In the present thesis, gridded-tube window designs are considered

because of their high structural integrity.

Figure 1.1. The Test Cavity Closed by a Gridded-Tube Window and a Circular Foil
(One-Eighth Section).
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In the present work, a finite element method for the electromagnetic and me-

chanical design of RF cavity windows is presented. The method is based on perform-

ing finite element analyses from electromagnetic, thermal, and structural points of

view in an iterative manner. The procedure involves several steps. First, the reso-

nance frequency, electric and magnetic fields, quality factor, and power loss density

are calculated. Next, the power loss density results are transferred from the electro-

magnetic mesh to a thermal mesh to calculate the temperature results. The temper-

ature results are then transferred to a structural mesh to calculate the displacement

and the stresses. The procedure will be applied to a test cavity for a variety of RF

cavity window configurations. The test cavity is an 805 MHz pillbox cavity used to

test the concept of pillbox cavities closed by RF windows. The RF cavity window

configurations include thin, circular foils and thin-walled, gridded-tube patterns.

To outline the remainder of the thesis, in the next section, we present a litera-

ture review. In Chapter 2, we present a design methodology for RF cavity windows.

This chapter includes a description of the test cavity, a detailed discussion of the

window design requirements, and a description of the iterative design scheme. In

Chapter 3, a cylindrical 805 MHz pillbox cavity, similar to the test cavity, is stud-

ied. The cavity is closed by beryllium windows at both ends. Analytical and finite

element solutions for the electric field, magnetic field, stored energy, quality factor,

total power loss, power loss density, and temperature distribution are obtained for

that cavity. Excellent agreement is obtained between the analytical and the finite

element results.

Having validated the finite element method with analytical results, we present

finite element results for the test cavity closed by beryllium windows in Chapter 4.

Next, in Chapter 5, finite element analyses are carried out for the same test cavity for

a variety of gridded-tube arrangements. In Chapter 6, experimental and numerical
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studies of the performance of the test cavity are presented. In Chapter 7, concluding

remarks and recommendations for future work are presented. Finally, figures that

illustrate the damage in the titanium window due to field emission are presented in

Appendix A, and the finite element formulation used to obtain the electric field inside

the RF cavity is presented in Appendix B.

1.2 Literature Review

Muon ionization cooling requires passing the muon beam through a chan-

nel containing energy-absorbing material and accelerating structures [Alsharo’a et

al. (2003) and Kaplan (2001)]. The beam loses both transverse and longitudinal

momentum by ionization energy loss while passing through the energy-absorbing ma-

terial. The beam then gains longitudinal momentum by passing through accelerating

structures. Consequently, a reduction in both the beam size and divergence can be

achieved.

An international muon ionization and cooling experiment (MICE) has been

proposed to show that ionization cooling of a muon beam is feasible [Alsharo’a et.

al. (2003)]. The energy-absorbing materials (absorbers) used in the experiment are

cylindrically shaped vessels that contain liquid hydrogen. The accelerating structures

used in the experiment are RF cavities. Both the RF cavities and the absorbers are

subjected to focusing magnetic fields. MICE is described in this section for two rea-

sons. The first reason is to illustrate the use of RF cavities in muon ionization cooling.

The second reason is to emphasize that the RF cavity window studies reported in the

present thesis may aid the RF cavity design in MICE and other cooling experiments.

In their study of RF induced background in MICE, [Norem et al. (2003)b] concluded

that the use of large, flat, beryllium windows may be unfeasible. In the present work,

a variety of gridded windows have been studied as an alternative to the beryllium

windows. The layout under consideration for MICE is illustrated in Figure 1.2.
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Figure 1.2. Layout of the International Muon Ionization and Cooling Experiment
(MICE) [Alsharo’a et al. (2003)].
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If a conducting surface is subjected to an intense electric field, it can emit

electrons [Fowler and Nordheim (1928)]. In the case of RF cavities, these electrons

can be accelerated by the RF field. This field emission must be avoided because it is

a precursor to vacuum breakdown and generation of dark current. A field emission

study has been performed for an open 805 MHz cavity [Norem et al. (2003)a, Norem

et al. (2003)c, and Wu (2002)]. In that study, the ratio of the maximum electric field

at the surface of the cavity to the on-axis electric field was about 2.6. The results

showed that dark current was approximately proportional to the surface electric field

raised to the tenth power. During the operation of the cavity at a maximum surface

electric field of 54 MV/m and a solenoidal field of 2.5 T, local heating due to dark

current melted the titanium vacuum window that was placed at the end of the cavity.

It was obvious that field emission limits the operation of the open 805 MHz cavity.

RF cavity windows serve to reduce the power requirement and to increase the

on-axis electric field for a given maximum surface electric field [Moretti et al. (2000)

and Li et al. (2003)a]. Studies of the design of RF cavities for muon cooling purposes

have been performed [Corlett et al. (1999), Rimmer et al. (2001), Li et al. (2001), and

Turner et al. (1998)]. In RF cavities closed by beryllium foils, the maximum surface

electric field is approximately equal to the on-axis electric field. In conventional open

RF cavities, the maximum surface electric field is typically more than twice the on-axis

electric field. As described earlier, the dark current was proportional to the surface

field raised to a high power. Consequently, RF cavity windows cause a considerable

decrease in dark current.

The temperature rise and the thermal stresses in the window due to RF heating

are of major concern. Deflection analyses of flat, circular, beryllium foils for 805 MHz

cavity windows subjected to various thermal loads have been carried out numerically

and experimentally [Hartman et al. (2000), Hartman et al. (2001), Li et al.(2002)b,
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and Li et al. (2003)b]. Several window designs were analyzed, including non-stressed

aluminum flat foils, pre-stressed beryllium flat foils, stepped-thickness beryllium foils,

and pre-curved beryllium windows. Window designs for 201.25 MHz cavities were

studied by [Moretti et al. (2000), Li et al. (2003)a]. Results indicated that flat foils

may be inappropriate for the 201.25 MHz cavities because of their large out-of-plane

displacement. In the present thesis, an 805 MHz test cavity, which is smaller and

more practical for research and development purposes than the 201 MHz cavity, is

considered.

The gridded-tube RF cavity windows studied in the present thesis are new

designs that have not been previously considered. The present work shows that

gridded-tube windows are feasible for use in RF cavity applications provided that the

grid pattern, tube outer diameter, tube wall thickness, and other design parameters

are chosen appropriately.
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CHAPTER 2

DESIGN METHODOLOGY OF RF CAVITY WINDOWS

In this Chapter, the test cavity is described, electromagnetic, thermal, and

structural design requirements for RF cavity windows are explained, and a design

scheme for RF cavity windows is presented.

2.1 Description of the Test Cavity

The test cavity shown in Figure 2.1 is used for testing to understand the

performance of RF cavities in the muon-cooling channel. The cavity is made of copper

and closed by windows at both ends. The cavity receives RF power from a coupler

through a small hole in the upper right side of the cavity wall. A titanium vacuum

window covers the cavity from the left side, and a stainless steel plate covers the cavity

from the right side. The cavity design parameters including resonance frequency, on-

axis electric field, quality factor, total power loss, and RF cavity window dimensions

are given in Table 2.1.

2.2 Design Requirements

The design requirements for the RF cavity windows are classified into material,

electromagnetic, and mechanical requirements. A successful window design should

satisfy all three requirements.

2.2.1 Material Requirements..

There are several requirements for the window material. The window should be

made of a material of long radiation length to reduce the scattering of the beam as it

passes through the window. Also, the electrical conductivity of the window material

should be high to decrease the power loss (the power dissipated in the window is

inversely proportional to the square root of the electrical conductivity of the window
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Figure 2.1. Cross-Sectional View of the 805 MHz Test Cavity.
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material). In addition, the thermal conductivity should be high so as to decrease the

temperature rise in the window, and consequently decrease the out-of-plane deflection

and the thermal stresses. Finally, the material should have a low thermal expansion

coefficient to reduce the out-of plane deflection. These requirements suggest that

high-purity beryllium and some aluminum alloys are acceptable materials for the RF

cavity windows. In the present work, beryllium (Be IF1) windows and gridded-tube

aluminum (Al 6061-T6) windows are considered. Design-related material properties

are listed in Table 2.2.

2.2.2 Electromagnetic Requirements.

The design of the window should produce a low surface electric field enhance-

ment. The surface electric field enhancement is defined as the ratio of the maximum

surface electric field to the on-axis electric field. Reducing the surface electric field

enhancement serves to reduce the field emission effects. Also, the design of the win-

dow should result in a smooth electric field distribution. Field distortion can increase

the spread of the beam energy and degrade the cooling process. Finally, the window

should be designed to terminate the electric field (i.e., cause negligible electric field

leakage to the regions beyond the window). This is because the closed-cell RF cavi-

ties should operate independently of each other. Electric field leakage to a cavity will

affect the electric field profile in that cavity and consequently affect the operation

of that cavity. For an RF cavity closed by beryllium windows, the electric field is

terminated at the windows. For an RF cavity closed by gridded-tube windows, the

design of the grid should minimize electric field leakage through the spaces in the grid.

These requirements will be studied later in Section 5.1 for a variety of gridded-tube

patterns.
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2.2.3 Mechanical Requirements.

RF heating can cause the windows to deform in the axial direction of the cavity.

The out-of-plane deflection must be small enough so that the consequent frequency

shift is tolerable. For example, for an 805 MHz cavity, the out-of-plane deflection of

the window must be kept below 25 microns to prevent the frequency of the cavity from

shifting more than 10 kHz [Hartman et al. (2000), Hartman et al. (2001)]. Also, the

resulting thermal stresses in the window must be maintained below the yield stress.

In addition, the thickness of the window should be small in order to decrease the

scattering of the beam as it passes through the window.

2.3 Design Scheme

The objective is to select the optimal combination of window design parameters

so that the design requirements are satisfied. The design parameters of the beryllium

foils are the dimensions of the foil (foil diameter and foil thickness). For the gridded-

tube windows, the design parameters include tube outer diameter, tube wall thickness,

number of tubes per grid, type of coolant, coolant flow rate, and gridded-tube pattern

(touching arrays of tubes, non-touching arrays of tubes, or fully overlapped arrays of

tubes).

The steps used for designing RF cavity windows in the present thesis are

shown in Figure 2.2. First, values for the design parameters are chosen. Then,

electromagnetic, thermal and structural finite element analyses are performed. In the

electromagnetic analysis, the electric and magnetic fields, the resonance frequency,

and the quality factor are calculated. In the thermal analysis, the total power loss,

power loss density, and temperature profile are obtained. In the structural analysis,

the displacement and the thermal stresses as a result of the temperature increase are

obtained. This procedure is repeated until all of the design requirements are satisfied.
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Table 2.1. Design Parameters of the 805 MHz Test cavity.

Parameter Value

Frequency (MHz) 805.0

On-axis electric field (MV/m) 30.0

Quality factor 18,800

RF repetition rate (Hz) 5.0

RF pulse length (µs) 50.0

Shunt impedance (MΩ/m) 38.0

Duty factor (%) 0.025

Total power loss (W) 500.0

Cavity inner radius (cm) 15.62

Cavity length (cm) 8.64

Beryllium window diameter (cm) 16.01

Gridded-tube window diameter (cm) 16.01

Beryllium window thickness (µm) 127.0

Table 2.2. Material Properties of the 805 MHz Test Cavity Windows at Room Tem-
perature (23 oC).

Property Aluminum 6061-T6 Beryllium IF1

Electrical conductivity (mho/m) 0.25 × 108 0.23 × 108

Thermal conductivity (W/m · K) 166.9 216.0

Radiation length (cm) 8.90 35.17
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Figure 2.2. Iterative Design Scheme of RF Cavity Windows.
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CHAPTER 3

ELECTROMAGNETIC AND THERMAL ANALYSIS OF A
BENCHMARK RF CAVITY MODEL

In this Chapter, electromagnetic and thermal studies of a cylindrical pillbox

cavity are discussed. In Section 3.1, the problem description and mathematical for-

mulation are presented. In Section 3.2, analytical solutions for the frequency, elec-

tromagnetic fields, quality factor, power loss density and temperature are obtained.

In Section 3.3, finite element solutions for the quantities mentioned above are ob-

tained. Finally, comparisons between the analytical and finite element solutions are

presented.

3.1 Problem Description and Mathematical Formulation

The benchmark cavity is a circular, cylindrical pillbox cavity closed by circu-

lar, flat, beryllium foils at both ends as shown in Figure 3.1. This cavity is called

benchmark because it will be studied as a sample problem to verify the finite element

procedure that will be applied later to the test cavity. The main geometrical differ-

ence between the benchmark cavity and the test cavity is that the test cavity has

area fillets at all edges, whereas the benchmark cavity has sharp corners. The design

parameters of the benchmark cavity including the on-axis electric field, dimensions,

and material properties are given in Table 3.1.
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Figure 3.1. The Cylindrical Pillbox Cavity: The Side View (Right) Shows the Beryl-
lium Foils (I), Copper Window Frames (II), and the Copper Cavity Wall (III). The
End View (Left) Shows the Azimuthal Direction.
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Table 3.1. Design Parameters of the Cylindrical Pillbox Cavity.

Parameter Value

On-axis electric field (MV/m) 30.0

Duty factor (%) 0.025

Cavity inner radius (mm) 142.55

Cavity length (mm) 77.94

Beryllium window diameter (mm) 160.01

Beryllium window thickness (mm) 0.127

Window frame thickness (mm) 4.0

Window electrical conductivity (mho/m) 0.23 × 108

Frame electrical conductivity (mho/m) 0.59 × 108

Cavity wall electrical conductivity (mho/m) 0.59 × 108

Window thermal conductivity (W/m · K) 216.0

Frame thermal conductivity (W/m · K) 385.0

Cavity wall thermal conductivity (W/m · K) 385.0

The fields in the neighborhood of a good, but not perfect, conductor must

behave similarly as those for a perfect conductor [Jackson (1998)]. Therefore, since

the windows and the cavity are good conductors, to compute the fields, we assume

that the conductors are perfect. Assuming that the space contained inside the cavity

is a vacuum and the fields are sinusoidally time dependent, the three-dimensional,

Maxwell equations take the form

�∇× �E = iω �B

�∇ · �B = 0

�∇× �B = −iµ0ε0ω �E

�∇ · �E = 0, (3.1)

where �E is the electric field, �B is the magnetic flux density, ω is the frequency, µ0

is the magnetic permeability of vacuum, and ε0 is the permittivity of vacuum. The



17

previous equations can be rewritten as

(∇2 + µ0ε0ω
2) �E = 0

(∇2 + µ0ε0ω
2) �B = 0. (3.2)

At points on the boundary (windows and cavity surfaces), the electric field is perpen-

dicular to the surface and the magnetic field is tangential to the surface, i.e.,

�n × �E = 0

�n · �B = 0, (3.3)

where �n is the unit outward normal to the boundary.

The energy flow in the cavity is represented by the Poynting vector given by

�S = ( �E × �H), where �H is the magnetic field ( �H = �B/µ0). The Poynting vector has

the dimension of power per unit area. The time-averaged power dissipated in the

conductor is given by

dP

dΓ
=

Rc

2
|�n × �H|2, (3.4)

where Γ is the conductor surface. The quantity Rc in Equation (3.4) is the conductor

surface resistance given by

Rc =

√
ωµc

2σ
, (3.5)

where µc is the magnetic permeability of the conductor and σ is the electrical con-

ductivity of the conductor. Integrating Equation (3.4) with respect to Γ gives the

power loss in each conductor, P , as

P =
Rc

2

∫
Γ
|�n × �H|2dΓ. (3.6)

The cavity is subjected to intermittent RF power operation because continuous

operation at maximum power would cause a high temperature rise in the windows

and the cavity. The power duty factor, F , represents the ratio of the actual average
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power dissipated in the cavity to the maximum power. The numerical value used in

the present analysis for the duty factor is reported in Table 3.1. The actual average

power dissipated in the conductors, Pc, is thus given by

Pc = F
Rc

2

∫
Γ
|�n × �H|2dΓ, (3.7)

and the power loss density function, defined as the power loss per unit area, is given

by

q =
FRc

2
|�n × �H|2. (3.8)

The power loss density will be used in the thermal analysis to obtain the temperature

distribution in the windows and the frame.

3.2 Analytical Solutions

The electric and magnetic fields can be expressed as [see, e.g., Jackson (1998)]

E(x, y, z, t) = E(x, y)e
±ikz−iwt

B(x, y, z, t) = B(x, y)e
±ikz−iwt

, (3.9)

where t is time, k is the wave number (defined below), and z represents the axial

direction in the cavity. Substituting Equation (3.9) into Equation (3.2) gives

∂2 �E

∂x2
+

∂2 �E

∂y2
+ (µ0ε0ω

2 − k2) �E = 0

∂2 �B

∂x2
+

∂2 �B

∂y2
+ (µ0ε0ω

2 − k2) �B = 0. (3.10)

To satisfy the boundary conditions at cavity ends, k is defined as

k = pπ/d, (3.11)

where p is an integer ranging from 0 to ∞, and d is the length of the cavity illustrated

in Figure 3.1. Solving for the transverse magnetic electric field gives

Ez = E0Jm(γmnr) cos
(

pπz

d

)
e±imφ−iωt, (3.12)
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where m is an integer ranging from 0 to ∞, n is an integer ranging from 1 to ∞,

E0 is the on-axis electric field, Jm is the bessel function of order m, r is the radial

coordinate, and γmn is given by

γmn =

√
µ0ε0ω2

mnp −
(

pπ

d

)2

=
xmn

b
, (3.13)

where xmn is the nth root of the equation Jm(x) = 0, and b is the inner radius of the

cavity shown in Figure 3.1.

The resonance frequency of the lowest transverse magnetic mode is obtained

by substituting 0, 1, and 0 for m, n, and p respectively:

ω010 =
2.405√
µ0ε0b

. (3.14)

The inner radius of the cavity, b, is chosen to be 142.55 mm, so that that the frequency

equals 805 MHz. The electric field becomes

Ez = E0J0(γr)e−iωt, (3.15)

where γ is the first root of the zeroth-order Bessel function divided by the inner radius

of the cavity (γ ≈ 2.405/b). Solving for the magnetic field in the same manner as the

electric field, we get

Hφ = −i

√
ε0

µ0

E0J1(γr)e−iωt, (3.16)

where φ represents the azimuthal direction shown in Figure 3.1.

The quantity Ez in Equation (3.15) is maximum when r=0 (the Bessel func-

tion is maximum and equals 1 at r=0), which means that the maximum electric field

is equal to the on-axis electric field. Equation (3.15) also shows that the electric field

is independent of the length of the cavity, d, so the maximum electric field at the

window is equal to the on-axis electric field. In the open 805 MHz cavity, the surface

electric field enhancement, ζ, is about 2.6. ζ is defined as the ratio of the maximum
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surface electric field to the on-axis electric field. Hence, closing the cavity ends by

electrically conducting windows decreases the surface electric field enhancement to 1.

The windows and the cavity are heated from the RF power. The general form

of the RF power dissipated in the conductors is given by Equation (3.7). Referring

to Figure 3.1, let the subscript I refers to the beryllium window, the subscript II to

the window frame, and the subscript III to the cavity wall. Then the power loss in

each part is given by

PI(r) =
πFRI

2

ε0

µ0

E2
0

[
r2J2

0 (γr) + r2J2
1 (γr) − 2rJ0(γr)J1(γr)

γ

]
(3.17)

PII(r) =
πFRII

2

ε0

µ0

E2
0

[
r2J2

0 (γr) + r2J2
1 (γr) − 2rJ0(γr)J1(γr)

γ

]

−πFRII

2

ε0

µ0

E2
0

[
a2J2

0 (γa) + a2J2
1 (γa) − 2aJ0(γa)J1(γa)

γ

]
. (3.18)

PIII(r) = πFbdRIII
ε0

µ0

E2
0J

2
1 (2.405), (3.19)

where RI , RII , and RIII are the window surface resistance, frame surface resistance,

and cavity wall surface resistance respectively.

The total power loss, Pt, dissipated in the cavity and the windows is given by

Pt = 2PI + 2(PII) + PIII(b). (3.20)

The general form of the RF power loss density is given by Equation (3.8). The power

loss density function, q, for each part is given by

qI(r) =
FRI

2

ε0

µ0

E2
0J

2
1 (γr) (3.21)

qII(r) =
FRII

2

ε0

µ0

E2
0J

2
1 (γr) (3.22)

qIII(r) =
FRIII

2

ε0

µ0

E2
0J

2
1 (2.405). (3.23)
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The total stored energy in the cavity, Ut, is given by

Ut =
1

2

∫
V

ε0|Ez|2 dV, (3.24)

where V is the volume of the cavity. Substituting Equation (3.15) into Equation

(3.24) gives

Ut =
πdE2

0b
2ε0

2

[
J2

1 (2.405)
]
. (3.25)

The quality factor is a measure of the sharpness in frequency of the cavity response

to the external excitation. It is given by

Qf = ω010
Ut

Pt

. (3.26)

Considering one-dimensional heat conduction in the radial direction in the

beryllium foil and the copper frame, the energy balance can be written as

Qr + q dAs = Qr +
dQr

dr
dr, (3.27)

where Qr is the radial heat flow and As is the surface area subjected to the power

loss density (As = πr2). Fourier’s law implies that

Qr = −kAc
dT

dr
, (3.28)

where k is the thermal conductivity of the material, T is the temperature, and Ac

is the cross sectional area normal to the heat flow direction, i.e., Ac = 2πrt, where

t is the thickness of the material. Substituting Equation (3.28) into Equation (3.27)

yields

2πqr dr = −2πk
d

dr

(
rt

dT

dr

)
dr. (3.29)

Integrating Equation (3.29) with respect to r over the area of the beryllium foil yields

dTI

dr
=

c1

2πrtIkI

− FRIε0E
2
0

4µ0tIkI

[
rJ2

0 (γr) + rJ2
1 (γr) − 2

J0(γr)J1(γr)

γ

]
. (3.30)
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Integrating one more time with respect to r yields

TI(r) = −FRI

4tIk

ε0

µ0

E2
0

[
r2J2

0 (γr) + r2J2
1 (γr) − rJ0(γr)J1(γr)

γ
+

J2
0 (γr) − 1

γ2

]

+
c1

2πtIkI

ln(r) + c2. (3.31)

Next, integrating Equation (3.29) with respect to r over the area of the cavity frame

yields

dTII

dr
=

c3

2πrtIIkII

− FRIIε0E
2
0

4µ0tIIkII

[
rJ2

0 (γr) + rJ2
1 (γr) − 2

J0(γr)J1(γr)

γ

]
, (3.32)

and integrating one more time with respect to r gives

TII(r) = −FRII

4tIIk

ε0

µ0

E2
0

[
r2J2

0 (γr) + r2J2
1 (γr) − r

J0(γr)J1(γr)

γ
+

J2
0 (γr)

γ2

]

+
c3

2πtIIkII

ln(r) + c4, (3.33)

where c1, ..., c4 are constants to be obtained using the following boundary conditions.

The temperature at the center of the beryllium foil is finite, which implies that

dTI

dr
(r = 0) = 0. (3.34)

At the contact point between the beryllium foil and the frame, the temperature of

the beryllium foil equals the temperature of the copper frame:

TI(r = a) = TII(r = a). (3.35)

At the contact point between the beryllium foil and the cavity frame, the rate of heat

transfer in the beryllium foil equals the rate of heat transfer in the the copper frame:

tIkI
dTI

dr
(r = a) = tIIkII

dTII

dr
(r = a). (3.36)

The cavity wall is assumed to be cooled to a reference temperature, which is taken

to be 0 oC. This implies that

TII(r = b) = 0. (3.37)
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Using the above boundary conditions, the integration constants are determined to be

c1 = 0 (3.38)

c3 = −PI(a) +
πFRIIε0E

2
0

2µ0

[
aJ2

0 (γa) + aJ2
1 (γa) − 2

J0(γa)J1(γa)

γ

]
(3.39)

c4 = −c3
ln b

2πtIIkII

+
FRIIε0E

2
0

4µ0tIIkII

[
b2J2

1 (2.405)
]

(3.40)

c2 =
FRIε0E

2
0

4tIkIµ0

[
a2J2

0 (γa) + a2J2
1 (γa) − a

J0(γa)J1(γa)

γ
+

J2
0 (γa) − 1

γ2

]

−FRIIε0E
2
0

4tIIkIIµ0

[
a2J2

0 (γa) + a2J2
1 (γa) − a

J0(γa)J1(γa)

γ
+

J2
0 (γa)

γ2

]

+
c3

2πtIIkII

ln a + c4 +
c3

2πtIIkII

ln a. (3.41)

The exact solutions obtained in this section will be compared to finite element

approximations that will be obtained in the next section.

3.3 Finite Element Solutions

The volume of the cavity is meshed with electromagnetic elements to perform

a modal electromagnetic analysis. The electromagnetic mesh is shown in Figure 3.2,

where the elements are chosen to be three-dimensional tetrahedral solid elements.

The relative element size with respect to the inner radius of the cavity, re/b, equals

about 0.03, and the total number of elements is about 70, 000. The frequency, elec-

tromagnetic fields, quality factor, and stored energy were obtained. The windows and

the copper frame were then meshed with thermal elements to obtain the power loss

density and the temperature profile. The thermal surface mesh is compatible with the

electromagnetic mesh to allow for the transfer of power loss density results from the

electromagnetic elements to the thermal elements. The thermal surface mesh shown

in Figure 3.2 is composed of about 2000 3-node shell elements.

The finite element procedure for getting the temperature field in the windows

and the frames is a two-step process. The first step is to solve for the electric and
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magnetic fields, and to determine the surface flux distribution on the relevant surfaces

of the cavity. The next step is to perform a thermal analysis on the cavity using 3-

node shell elements that are compatible with the tetrahedral elements used in the

electromagnetic analysis.

The cylindrical pillbox cavity considered in this chapter responds to RF power

by resonating in a particular mode of oscillation that has an electric field component

along the axial direction of the cavity and a cylindrical magnetic field around the in-

side of the cavity. The particles will gain energy from the electric field. The magnetic

field provides an inward force towards the center of the cavity that compensates for

the electrical repulsion among the particles in a bunch. The beam is timed to enter

the cavity just when the electric field force is close to its maximum and pointing in

the axial direction.

Figure 3.3 shows that the finite element electric field distribution is smooth.

It is maximum at the center of the cavity, and decreases gradually along the radius

toward the cylindrical wall of the cavity. Figure 3.4 shows the finite element magnetic

field distribution, which is also smooth. It is negligible at the center of the cavity and

increases gradually along the radius toward the cylindrical wall of the cavity.

The power loss density obtained from the finite element results is shown in

Figure 3.5. It is observed from the figure that the power loss density is negligible at

the center of the cavity and increases gradually along the radius toward the cylin-

drical wall of the cavity. There is a discontinuity in the power loss density at the

contact point between the beryllium foil and the copper frame because the electrical

conductivity of the copper is higher than that of the beryllium. The power loss den-

sity is modeled as a heat flux distribution that acts on the conductor surfaces. This

procedure is valid only if the conductor thickness is much greater than the skin depth,

as in the present case. Figure 3.6 shows the temperature rise, which is maximum at
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the center of the window and decreases along the radius toward the wall of the cavity.

Comparison between the analytical and finite element solutions of the electric

field, magnetic field, power loss density, and temperature are presented in Figures

(3.7 − 3.10). Excellent agreement is obtained between the analytical and the finite

element solutions for all the quantities. The electromagnetic and thermal results

are summarized in Table 3.2, where both analytical and finite element results are

presented. The table shows that the finite element procedure performed in this section

is an accurate and effective tool for the electromagnetic and thermal design of RF

windows.

Figure 3.2. Electromagnetic Volume Mesh of the Cylindrical Pillbox Cavity and
Thermal Surface Mesh of the Cavity and the Windows. (Relative Element Size
with Respect to the Inner Radius of the Cavity, re/b, Equals About 0.03).
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Figure 3.3. Vector Plot of the Electric Field in the Cylindrical Pillbox Cavity
(MV/m). On-Axis Electric Field = 30 MV/m.

Figure 3.4. Vector Plot of the Magnetic Field in the Cylindrical Pillbox Cavity
(MA/m). On-Axis Electric Field = 30 MV/m.
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Figure 3.5. Contour Plot of the Power Loss Density in the Cylindrical Pillbox Cavity
(W/m2).

Figure 3.6. Contour plot of the Temperature Distribution in the Cylindrical Pillbox
Cavity (oC).
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Figure 3.7. Analytical and Finite Element Electric Field Profiles in the Cylindrical
Pillbox Cavity.

Figure 3.8. Analytical and Finite Element Magnetic Field Profiles in the Cylindrical
Pillbox Cavity.
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Figure 3.9. Analytical and Finite Element Power Loss Density Profiles in the Cylin-
drical Pillbox Cavity.

Figure 3.10. Analytical and Finite Element Temperature Profiles in the Cylindrical
Pillbox Cavity.
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Table 3.2. Comparison Between the Finite Element and the Analytical Results for
the Cylindrical Pillbox Cavity.

Parameter Analytical Value FEA Value

Frequency (MHz) 805.0 805.0

Maximum field enhancement (MV/m) 1.0 1.0

Quality factor 20260.9 20271.3

Stored energy (J) 0.0013 0.0013

Maximum heat flux-window (W/m2) 2626.5 2634.7

Maximum heat flux-frame (W/m2) 1651.5 1659.2

Maximum temperature-window (oC) 54.16 54.17

Maximum temperature-frame (oC) 3.84 3.84
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CHAPTER 4

FINITE ELEMENT ANALYSIS OF THE TEST CAVITY WITH BERYLLIUM
WINDOWS

In this chapter, the test cavity closed by the beryllium windows is studied.

In Section 4.1, electromagnetic finite element analysis is performed, where frequency,

electromagnetic fields, ratio of the peak surface electric field to the on-axis electric

field, and quality factor are calculated. In Section 4.2, thermal finite element analysis

is performed based on the electromagnetic results, where power loss density and

temperature profile are calculated.

4.1 Electromagnetic Analysis

The 805 MHz test cavity described in Section 2.1 was considered. The cavity

ends were closed by the beryllium windows as shown in Figure 2.1. The electromag-

netic finite element mesh of the vacuum inside the cavity is shown in Figure 4.1.

Three-dimensional tetrahedral solid elements were employed. A fine mesh near the

vacuum boundaries was used to accurately capture both the electromagnetic fields

and the thermal results in these regions. The relative minimum electromagnetic ele-

ment size with respect to the inner radius of the cavity, re/b, equals about 0.003, and

the total number of elements is about 70, 000.

The finite element solution of the electric field is shown in Figure 4.2. The

overall general electric field trend is similar to that in the cylindrical pillbox cavity.

The electric field is high on the axis of the cavity and decreases gradually along

the radius toward the cylindrical walls of the cavity. The electric field takes curved

contours in the vicinity of the curved surfaces. It is obvious that the maximum electric

field at the window is approximately equal to the on-axis electric field. The surface

electric field enhancement at the window, defined as the ratio of the maximum electric

field at the window surface to the on-axis electric field, was about 1.006. This has



32

been considered as one of the advantages of closing the cavity ends with RF windows.

The maximum electric field in the cavity occurs at the curved walls of the cavity as

shown in Figure 4.2. The surface electric field enhancement for the cavity, defined as

the ratio of the maximum electric field at the cavity to the on-axis electric field, was

about 1.107.

The finite element solution of the magnetic field is shown in Figure 4.3. The

overall general magnetic field trend is similar to that in the cylindrical pillbox cavity.

It is negligible on the axis of the cavity and increases gradually along the radius of

the cavity toward the cylindrical walls of the cavity. The magnetic field takes curved

contours in the vicinity of the curved surfaces. The finite element results for the

frequency, quality factor, and surface electric field enhancements are shown in Table

4.1.

Table 4.1. Finite Element Results for the 805 MHz Test Cavity with Beryllium Win-
dows.

Parameter Design Value FEA Value

Frequency (MHz) 805.0 808.3

Quality factor 18,800 18790.844

Maximum field enhancement-window - 1.006

Maximum field enhancement-cavity - 1.107

Maximum power loss density-window (W/m2) - 1918.039

Maximum power loss density-cavity (W/m2) - 3187.152
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Figure 4.1. Electromagnetic Volume Mesh of the Test Cavity Closed by Beryllium
Windows and Thermal Meshes of the Cavity and the Windows (Relative Minimum
Element Size with Respect to the Inner Radius of the Cavity, re/b, Equals About
0.003).
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Figure 4.2. Contour Plot of the Electric Field Distribution in the Test Cavity Closed
by Beryllium Windows (MV/m). On-Axis Electric Field = 30 MV/m.

Figure 4.3. Contour Plot of the Magnetic Field Distribution in the Test Cavity Closed
by Beryllium Windows (MA/m). On-Axis Electric Field = 30 MV/m.
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4.2 Thermal Analysis

The interfacial surfaces between the vacuum and the cavity structures were

meshed with 3-node thermal shell elements. The power loss density was transferred

from the electromagnetic mesh to the thermal mesh to perform thermal analysis.

The electromagnetic mesh was sufficiently refined so as to ensure accurate thermal

solution. The thermal mesh is shown in Figure 5.1 where 3-node shell elements were

employed to model the beryllium and titanium windows and solid tetrahedral thermal

elements were employed to model the other components. The relative minimum

thermal element size with respect to the inner radius of the cavity, re/b, equals about

0.003, and the total number of thermal elements is about 145,000 elements. The

maximum power loss density in the window and the cavity are presented in Table 4.1

Steady-state heat conduction in the beryllium window was assumed to obtain

the temperature distribution. The boundary conditions included the power loss den-

sity obtained from the electromagnetic analysis, and a reference temperature (0 oC)

specified at the edge of the window. The temperature profile in the window is shown

in Figure 4.5. To investigate the temperature distribution at all the components, the

reference temperature was assumed to be at the outer boundary of the cavity instead

of the edge of the window. The temperature profile is shown in Figures 4.6. It is obvi-

ous that the temperature in all of the components except the windows is close to the

reference temperature. The temperature profile in the window is quantitatively and

qualitatively similar to that obtained in the window of the cylindrical pillbox cavity

considered in Chapter 3. Comparison of some finite element results with experimental

results will be discussed later in Chapter 6.
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Figure 4.4. Contour Plot of the Power Loss Density in the Test Cavity Closed By
Beryllium Windows (W/m2).

Figure 4.5. Contour Plot of the Temperature Distribution in the Beryllium Window
(oC). Edge of the Window is Cooled to a Reference Temperature (0 oC).
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Figure 4.6. Contour Plot of the Temperature Distribution in the Test Cavity Closed
by Beryllium Windows (oC). Outer Boundary of the cavity is Cooled to a Reference
Temperature (0 oC).
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CHAPTER 5

FINITE ELEMENT ANALYSIS OF THE TEST CAVITY WITH
GRIDDED-TUBE WINDOWS

In this chapter, the test cavity closed by a gridded-tube window from one side,

and a beryllium window from the other side is considered. The gridded-tube win-

dow is a structure composed of thin-walled aluminum tubes arranged in a particular

pattern. In Section 5.1, electromagnetic finite element analysis is performed. Itera-

tive refinement of the mesh is performed in response to the intersectional or contact

geometry of the thin-walled tubes. The electric field map, frequency, quality factor,

and ratio of the peak surface field to the on-axis field are calculated. In Section 5.2,

thermal finite element analysis is performed based on the electromagnetic results,

where power loss density and temperature profile are calculated. Forced-convection

cooling of the grid via a flow of helium gas inside the tubes is considered in order

to reduce the temperature of the tubes. Finally, in Section 5.3, structural analysis is

performed to obtain the displacement of the grid, and to perform the corresponding

thermal stress analysis.

5.1 Electromagnetic Analysis

Figure 5.1 shows the test cavity closed by a gridded-tube window from the

upper side, and a beryllium window from the lower side. The titanium window is

shown above the gridded-tube window, and the stainless steel plate is shown below

the beryllium window. Assuming the axial direction of the cavity is the z-direction,

the tubes are then located in the x-y plane. The grid configuration shown in Figure

5.1 is a grid of non-touching tubes, composed of an array of tubes parallel to the x-

axis and another array of tubes parallel to the y-axis, with a small gap between both

arrays. The electric field map for this model is shown in Figure 5.2. One objective

of the RF cavity window is to terminate the field. It is obvious that for the present
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configuration, there is a significant field leakage to the region between the grid and

the titanium window.

The grid configuration shown in Figure 5.3 is a grid of touching tubes, com-

posed of an array of tubes parallel to the x-axis and another array of tubes parallel to

the y-axis, where both arrays are in contact with each other. The electric field map

for this model is shown in Figure 5.4. The grid configuration shown in Figure 5.5 is

a “waffle” grid, composed of an array of tubes parallel to the x-axis that is intersect-

ing with another array of tubes parallel to the y-axis (both arrays are in the same

plane). The electric field map for this model is shown in Figure 5.6. Both the grid

of touching tubes and the “waffle” grid show excellent field termination. The finite

element results of the electric fields shown in Figures 5.2, 5.4, and 5.6 for the various

grid configurations show that the electric field is approximately smooth except in the

vicinity of the grid.

The complexity in modeling the grids of thin-walled tubes was due to the

intersectional or contact geometry of the tubes, and the wide variation of length scale

between the grid wall thickness and the cavity dimensions. One eighth of the cavity

was modeled in the case of the “waffle” grid because of the eight-fold symmetry of

the “waffle” grid. For the grid of touching tubes, and the grid of non-touching tubes,

one quarter of the cavity was modeled because of the four-fold symmetry of both

grids. The volume of the cavity was meshed to perform the electromagnetic analysis.

The mesh was refined in the vicinity of the tubes to accurately capture the fields

in these regions. The electromagnetic results were found to be highly dependent on

the mesh density near the curved surfaces and especially near the grid intersectional

or contact regions. The electromagnetic volume mesh is shown in Figure 5.5 where

three-dimensional tetrahedral solid elements were employed. The relative minimum

electromagnetic element size with respect to the inner radius of the cavity, re/b, equals
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about 0.002, and the total number of electromagnetic elements is about 405,000.

Some elements near abrupt geometrical changes were investigated separately.

The fields and power density results were obtained at these regions. The mesh at

these regions was then refined. The results were obtained again and compared with

the previous results. Based on the variation in the results, some elements were refined

again. This iterative meshing process was continued until mesh-independent results

were obtained in all the regions in the cavity.

As discussed in Chapter 2, the surface electric field enhancement, defined as

the ratio of the maximum surface electric field to the on-axis electric field, should be as

low as possible to avoid field emission effects. To investigate this ratio, the electric field

distribution was obtained inside the cavity for many grid configurations with different

geometrical variables. The results are presented in Table 5.1. It is concluded that

increasing the number of tubes, increasing the tube outer diameter, and/or decreasing

the spacing of the tubes in the center of the grid reduces this ratio. It is found that

the surface electric field enhancement in the grid of non-touching tubes, and the grid

of touching tubes are higher than that in the “waffle” grid. Hence, the “waffle” grid

was considered as the feasible design candidate from an electromagnetic point of view.

The 4 × 4 “waffle” grid with tube outer diameter of 9.5 mm was considered as the

baseline gridded-tube window. The detailed geometrical parameters of the baseline

gridded-tube window are shown in Table 5.2. The electromagnetic finite element

results of the cavity with the baseline gridded-tube window are summarized in Table

5.3.
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Figure 5.1. The Test Cavity Closed by a Grid of Non-Touching Tubes. Tube Outer
Diameter = 9.5 mm.

Figure 5.2. Contour Plot of the Electric Field Distribution in the Test Cavity Closed
by a Grid of Non-Touching Tubes. Tube Outer Diameter = 9.5 mm (MV/m).
On-Axis Electric Field = 30 MV/m.
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Figure 5.3. The Test Cavity Closed by a Grid of Touching Tubes. Tube Outer
Diameter = 9.5 mm.

Figure 5.4. Contour Plot of the Electric Field Distribution in the Test Cavity Closed
by a Grid of Touching Tubes. Tube Outer Diameter = 9.5 mm (MV/m). On-Axis
Electric Field = 30 MV/m.



43

Figure 5.5. Electromagnetic Volume Mesh of Test Cavity Closed by the Baseline
Gridded-Tube Window and Thermal Surface Mesh of the Gridded-Tube Window
(Relative Minimum Element Size with Respect to the Inner Radius of the Cavity,
re/b, Equals About 0.002).
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Figure 5.6. Contour Plot of the Electric Field Distribution in the Test Cavity Closed
by the Baseline Gridded-Tube Window (MV/m). On-Axis Electric Field = 30
MV/m.

Table 5.1. Effects of Both Grid Pattern and Tube Outer Diameter on the Surface
Electric Field Enhancement, ζ.

Pattern Tube DIA=3/8” Tube DIA=9/16”

4×4 Grid of touching tubes 1.95 1.90

4×4 “waffle” grid 1.90 1.75

6×6 “waffle” grid 1.65 1.52

8×8 “waffle” grid 1.42 1.31
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Table 5.2. Geometrical Parameters of the Baseline Gridded-Tube Window.

Parameter

Grid radius (mm) 80.01

Grid pattern 4 × 4, “waffle”

Grid spacing (c-c) (mm) 34.93

Tube outer diameter (mm) 9.53

Table 5.3. Finite Element Results for the 805 MHz Test Cavity with the Baseline
Gridded-Tube Window.

Parameter FEA Value

Frequency (MHz) 803.448

Quality factor 18191.205

Maximum field enhancement- grid 1.90

Maximum heat flux- grid (W/m2) 9586.022

Maximum heat flux- cavity (W/m2) 4904.6

Maximum heat flux- Be window (W/m2) 1942.066

5.2 Thermal Analysis

The thermal finite element mesh was constructed at the interface between

the vacuum and the grid. The power loss density results were transferred from the

electromagnetic mesh to the thermal mesh. The thermal mesh is shown in Figure 5.5

where 3-node shell elements were employed. The relative minimum thermal element

size with respect to the inner radius of the cavity, re/b, equals about 0.002, and the

total number of thermal elements is about 39,000. The finite element solution for

the power loss density is shown in Figures 5.7 and 5.8. It is apparent that only

the internal side of the grid was subjected to high power loss density, whereas the

external side of the grid was subjected to negligible power loss density. The boundary

conditions for the grid include power loss density (obtained from the electromagnetic
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analysis) and a reference temperature (0 oC) specified at the edge of the gridded-tube

window. Figures 5.9 and 5.10 show the contour plots of the temperature distribution

for the baseline gridded-tube window with a grid wall thickness of 254µm. There is

small variation in the temperature between the internal side and the external side.

The maximum temperature was about 55.6 oC located at the middle of the grid. The

temperature profile is quantitatively and qualitatively similar to the that obtained in

the beryllium window considered in Chapter 4. The thermal finite element results

are summarized in Table 5.3. Figure 5.11 shows the transient profile of the maximum

temperature. The maximum steady-state temperature was obtained after about 220

seconds. Figure 5.12 shows the dependence of the temperature on the grid wall

thickness in the baseline gridded-tube window.

At the beginning of the study, it is assumed that cooling of the tubes by

helium gas would be necessary to reduce the temperature rise in the grid. Helium gas

was chosen to be the cooling candidate due to its large radiation length and cooling

capabilities. A forced convection study was performed to obtain the heat transfer

coefficient as a function of the mass flow rate. For the present calculations, assuming

fully developed turbulent flow, a practical heat transfer coefficient of 250 W/m2 · K
was assumed. This would correspond to a mass flow rate of about 7.9 × 10−4 kg/s.

Figures 5.13 and 5.14 show the contour plots of the temperature distribution for the

gas-cooled baseline gridded-tube window with a grid wall thickness of 254µm. The

maximum temperature is about 7.7 oC located at the internal surface of the grid, and

shifted from the middle of the grid. The temperature varies around the tubes in the

grid. Figures 5.15 and 5.16 show the contour plots of the temperature distribution for

the gas-cooled baseline gridded-tube window with a grid wall thickness of 100µm. For

this case, a significant difference in the temperature was obtained between the external

side and the internal side. Figure 5.17 shows the dependence of the temperature on

the grid wall thickness in the baseline gridded-tube window with cooling.
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Figure 5.7. Contour Plot of the Power Loss Density in the Baseline Gridded-Tube
Window (W/m2) (External Side).

Figure 5.8. Contour Plot of the Power Loss Density in the Baseline Gridded-Tube
Window (W/m2) (Internal Side).
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Figure 5.9. Contour Plot of the Temperature Distribution in the Non-Cooled Baseline
Gridded-Tube Window (oC). Grid Wall Thickness = 254µm. (External Side).

Figure 5.10. Contour Plot of the Temperature Distribution in the Non-Cooled Base-
line Gridded-Tube Window (oC). Grid Wall Thickness = 254µm. (Internal Side).



49

Figure 5.11. The Transient Maximum Temperature Profile of the Non-Cooled Base-
line Gridded-Tube Window. Grid Wall Thickness = 254 µm.

Figure 5.12. Dependence of the Temperature Profile on the Grid Wall Thickness for
the Non-Cooled Baseline Gridded-Tube Window.
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Figure 5.13. Contour Plot of the Temperature Distribution in the Gas-Cooled Base-
line Gridded-Tube Window (oC). Grid Wall Thickness = 254 µm. (External Side).

Figure 5.14. Contour plot of the Temperature Distribution in the Gas-Cooled Baseline
Gridded-Tube Window (oC). Grid Wall Thickness = 254µm. (Internal Side).
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Figure 5.15. Contour Plot of the Temperature Distribution in the Gas-Cooled Base-
line Gridded-Tube Window (oC). Grid Wall Thickness = 100 µm. (External Side).

Figure 5.16. Contour Plot of the Temperature Distribution in the Gas-Cooled Base-
line Gridded-Tube Window (oC). Grid Wall Thickness = 100µm. (Internal Side).
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Figure 5.17. Dependence of the Temperature Profile on the Grid Wall Thickness for
the Gas-Cooled Baseline Gridded-Tube Window. (h = 250 W/m2K).

5.3 Structural Analysis

The temperature profile was transferred from the thermal mesh to the struc-

tural mesh. A structural analysis was then performed to solve for the displacements

and the thermal stresses. The edge of the grid was assumed to be completely clamped

to the cavity (rotations and displacements at the nodes laying on the edge of the grid

were fixed).

Modeling the grids with solid continuum elements was impractical because

of the very small thickness of the grid wall 254µm. More 500,000 solid continuum

elements would have been required to obtain mesh-independent stress results. The

stress was expected to be high at the joints of the tubes. So a very fine mesh was

used in these region. Figure 5.18 shows the structural finite element mesh created

with 8-node shell elements. Here, the relative minimum electromagnetic element size
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with respect to the inner radius of the cavity, re/b, equals about 0.002, and the total

number of elements is about 39,000.

Structural analysis of gridded-tube structures requires a mesh convergence

study, in which various finite element models, each with a different mesh density,

are investigated separately. Figure 5.19 shows the dependence of the maximum von

Mises stress on the number of elements. a fixed element size was used in all the

regions in order to understand the effect of number of elements on the maximum von

Mises stress. It was found that a mesh with fine elements at the intersectional regions

gives more accurate results than a mesh with a higher total number of elements but

coarser in the intersectional regions. It is observed that the maximum von Mises

stress decreases with increasing number of elements. This continues until a mesh

independent stress value is obtained. The displacement results were found to be

constant for all the finite element models used to generate Figure 5.19.

RF heating can cause the windows to deform in the axial direction of the

cavity. The resulting thermal stresses in the window must be maintained below the

yield stress of the window material. The out-of-plane deflection must also be kept

below 25 microns to prevent the frequency of the cavity from shifting more than

10 kHz. Consider the non-cooled baseline gridded-tube window with a tube wall

thickness of 254 µm. Figure 5.20 shows the finite element displacement results. As

expected, the displacement is much smaller than that for the beryllium windows due

to the structural rigidity of the grids. The external side of the grid displaces toward

the positive vertical direction, whereas the lower half of the grid displaces toward

the negative vertical direction. This is due to the thermal expansion of the tubes in

the grid. The displacement is higher at the joints of the tubes due to the thermal

expansion of the four tubes at each joint. The maximum displacement, occurring

at the middle of the grid, is about 110µm. Figure 5.21 shows the von Mises stress
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result. The maximum von Mises stress is about 245 MPa. The yield stress for the

grid material is about 275 MPa. So the yield stress safety factor is about 1.12.

Consider the cooled baseline gridded-tube window with a grid wall thickness of

254 µm. The maximum displacement is reduced to 13 µm, and the maximum stress

is reduced to 30.8 MPa. The yield stress safety factor is thus increased to 8.96.

Figures 5.22 and 5.23 show the displacement results, and Figures 5.24 and 5.25 show

the thermal stress results. If an array of parallel tubes that are free to expand was

considered instead, there would have been negligible out-of-plane deflection, and very

low thermal stresses. But unfortunately, this geometry doesn’t effectively terminate

the fields.

The fundamental natural frequency for a clamped circular plate is given by:

F0 = 5.11

[
Et3

12πā2m(1 − ν2)

]1/2

, (5.1)

where ā is the radius of the plate, E is the modulus of elasticity of the material, ν is

the poisson’s ratio of the material, t is the thickness of the plate, and m is the mass of

the plate. [see e.g., Schiff (1990)]. The fundamental natural frequency was calculated

for both the beryllium window and an aluminum window that has the same geometry

as the beryllium window using the previous formula. The finite element solutions of

the frequency were obtained using axisymmetric shell elements. Precise agreement

was obtained between the finite element and the analytical results as shown in Table.

7.1. A finite element analysis of the baseline gridded-tube window with a grid wall

thickness of 254 µm was performed using 8-node shell elements. The fundamental

natural frequency results are given in Table. 5.4. Due to the structural integrity of

the grid compared to that of the beryllium foils, the fundamental natural frequency

of the grid is higher than that of the foil. The mode shape associated with the grid

fundamental natural frequency is shown in Figure 5.26.
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Figure 5.18. Finite Element Structural Mesh of the Baseline Gridded-Tube Window
(Relative Minimum Element Size with Respect to the Inner Radius of the Cavity,
re/b, Equals About 0.002).

Figure 5.19. Dependence of the Numerical Value of the Thermal Stress on the Num-
ber of Elements for the Baseline Gridded-Tube Window. Grid Wall Thickness
= 254µm (Uniform Meshing).
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Figure 5.20. Contour Plot of the Total Displacement of the Non-Cooled Baseline
Gridded-Tube Window, (m), Grid Wall Thickness = 254 µm (Internal Side).

Figure 5.21. Contour Plot of the von Mises Stress in the Non-Cooled Baseline
Gridded-Tube Window (Pa). Grid Wall Thickness = 254 µm.
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Figure 5.22. Contour Plot of the Total Displacement of the Gas-Cooled Baseline
Gridded-Tube Window (m). Grid Wall Thickness = 254 µm (External Side).

Figure 5.23. Contour Plot of the Total Displacement of the Gas-Cooled Baseline
Gridded-Tube Window (m). Grid Wall Thickness = 254 µm (Internal Side).
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Figure 5.24. Contour Plot of the von Mises Stress in the Gas-Cooled Baseline Gridded-
Tube Window (m). Grid Wall Thickness = 254µm (External Side).

Figure 5.25. Contour Plot of the von Mises Stress in the Gas-Cooled Baseline Gridded-
Tube Window (Pa). Grid Wall Thickness = 254 µm (Internal Side).
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Figure 5.26. Mode Shape Associated With the Fundamental Natural Frequency of
the Baseline Gridded-Tube Window. Grid Wall Thickness = 254 µm.

Table 5.4. Analytical and Finite Element Solutions of the Fundamental Natural
Frequency of Various RF Cavity Windows.

Window Type FEA Value Analytical Value

Aluminum 6061-T6 foil, (t = 127µm) 49.89 49.87

Beryllium IF1 foil, (t = 127 µm) 120.35 120.33

Aluminum 6061-T6 baseline grid, (t = 254 µm) 1969.9 -
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CHAPTER 6

EXPERIMENTAL AND FINITE ELEMENT STUDIES OF THE
PERFORMANCE OF THE TEST CAVITY

In section 6.1, finite element and experimental studies of the deflection of the

test cavity windows are presented. In section 6.2, the electromagnetic behavior of the

test cavity under RF power operation is demonstrated and the field emission results

are described. The experimental results for the frequency, quality factor, and surface

electric field enhancement are compared to corresponding finite element results.

6.1 Deflection of the RF Cavity Beryllium Windows

The beryllium windows are circular, flat foils with a diameter of 16 cm, and

a thickness of 127 µm. They undergo significant ohmic heating due to RF power,

and displace out-of-plane. The deformation of the beryllium windows subjected to

thermal loading was studied by [Hartman et al. (2000), Hartman et al. (2001)]. In

that study, two experimental setups were used. In the first experimental setup, a stress

free aluminum window was heated with a halogen bulb in a temperature-controlled

enclosure. It was found that the temperature profile in the window due to the halogen

bulb heating was similar to that due to the RF power. Temperature was measured

with an infrared camera, and displacement was measured as function of foil radius

with a dial gauge. In the second experimental setup, a pre-stressed beryllium window

was mounted inside a prototype RF cavity. Temperature in the window was measured

with thermocouples, and displacement was measured with a dial gauge mounted in

the center of the window.

In this work, the aluminum window used in the first experimental setup was

modeled to obtain the out-of-plane displacement. Axisymmetric shell elements were

used. To determine the direction of bowing, a small curved perturbation in the win-

dow geometry was implemented. But, the displacement was found to be dependent
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on the magnitude of the perturbation, which indicated inaccurate results. To over-

come this problem, another technique was used, where a small force was first applied

toward the desired direction of bowing at the center of the window. Then, the tem-

perature profile was applied and the applied force was removed. Using this technique,

the displacement results were found to be independent of the magnitude of the force.

In Figure 6.1, the experimental displacement profile is shown by the solid line, and

the finite element displacement profile is shown by the triangles (FEA1). It was found

that applying a small initial displacement at the center of the window before apply-

ing the temperature loads could reduce the difference between the experimental and

the finite element profiles. The finite element displacement profile with a 0.5 mm

initial displacement, applied at the center of the window, is shown by the diamonds

(FEA2) in Figure 6.1. Excellent agreement was obtained between the experimental

displacement profile and FEA2. The application of the initial displacement in FEA2

may have taken into account the experimental effects including the weight of the dial

gauge used to measure the center displacement.

To predict the out-of-plane displacement of the pre-stressed beryllium win-

dow used in the second experimental setup, a combined iterative finite element-

experimental procedure was constructed. First, a specific temperature decrease was

applied to the window. Second, the RF temperature profile was applied. Third, the

displacement was compared to the experimental results. Fourth, the specific tem-

perature decrease was changed, and the finite element procedure was repeated until

an excellent agreement between the experimental and the numerical profiles was ob-

tained as shown in Figure 6.2. The pre-stress value was determined to be about 115

MPa.
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Figure 6.1. Finite Element and Experimental Results of the Out-Of-Plane Deflection
of the Stress Free Aluminum Window

Figure 6.2. Finite Element and Experimental Results of the Out-Of-Plane Deflection
of the Pre-Stressed Beryllium Window
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6.2 Electromagnetic Analysis of the Cavity under RF Power

Operation

Recently, an 805 MHz cavity with copper windows was built and subjected to

high RF power [Li et al. (2002)a]. The on-axis electric field was reported to reach

34 MV/M (which is 13.3 % higher than the theoretical design value) with negligi-

ble sparking rates. The low power measurement of the frequency of the cavity with

copper windows was about 805.1 MHz. In the present work, the finite element fre-

quency is about 808.3 MHz for the 805 MHz test cavity with beryllium windows. The

difference is due to the geometrical differences between the cavity considered in the

experiment and the cavity considered in this thesis. The finite element frequency for

the cavity with the baseline grided-tube window is about 803.4. The difference from

the experimental value is due to the effect of the grid geometry in the cavity, and

the effect of the volume existing between the gridded-tube window and the titanium

window.

The low power measurement of the quality factor of the cavity with copper

windows was about 15, 080 as reported by [Li et al. (2002)a]. The theoretical design

value of the quality factor is 18,800. The present finite element results of the frequency

and the quality factor are reported in Tables 4.1 and 5.3 for the cavity with the

beryllium windows and the cavity with the baseline gridded-tube window respectively.

The finite element result for the quality factor for the cavity with beryllium windows

is about 99.95% of the theoretical design value of the quality factor. Also, the finite

element result for the quality factor for the cavity with the baseline gridded-tube

window is about 99.95% of the theoretical design value of the quality factor.
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Fowler-Northam field emission model can be described by a current density i

that is given by [Fowler and Nordheim (1928)]

i =
AFN(βEs)

2

φFN

exp(
−BFNφ

3/2
FN

βEs

), (6.1)

where Es is the average surface electric field, φ is the work function of the material,

AFN and BFN are constants, and β is the electric field enhancement at the tip of the

emitter. β is defined as the ratio of the electric field at the tip of the emitter (Em) to

the average surface electric field (Es). Assuming E0 is the on-axis electric field and

βtot is the total electric field enhancement, then the enhancements and the fields are

related such that

Em = βtotE0 = βEs. (6.2)

It is important to distinguish between the enhancements presented in the previous

equation and the surface electric field enhancement, ζ, that has been discussed in the

previous chapters. The surface electric field enhancement, ζ, was defined as the ratio

of the maximum surface electric field (Emax
s ) to the on-axis electric field (E0). The

enhancements are related such that

ζ = βtot/β. (6.3)

[Norem et al. (2003)c] performed the first systematic study of an RF cavity

subjected to high RF power and a strong magnetic field (2.5 − 4.0) T. They studied

dark current, breakdown, and magnetic field effects in a six cell, 805 MHz cavity.

Measurements of the dark current were in good agreement with the Fowler-Northam

field emission model. The surface electric field enhancement, ζ, was about 2.6. The

ratio of the electric field at the tip of the emitter to the average surface electric field, β,

was measured to be about 184. The locally enhanced field intensities, Em, at the tips

of the emitters were found to be very large (about 10 GV/m). The electromagnetic

stresses exerted by the electric filed on the emitters were close to the tensile strength
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of the copper material. Damage in the titanium vacuum window, that was placed at

the end of the cavity, due to dark current heating was reported. A digital photograph

of the outer surface of the titanium vacuum window is shown in Figure A1. This

figure shows an array of black spots that could be formed due to the local heating of

the window by the dark current. A scanning electron microscope image of the inner

surface of the titanium window is shown in Figure A2. This figure shows deposition of

copper droplets on the surface of the window as a results of the role of field emission.

The dark current was approximately proportional to the surface electric field raised

to the tenth power. In this thesis, the ratio of the surface electric field enhancement,

ζ, varied from 1.11 to 1.95. This indicates that for the test cavity closed by the

beryllium foils or the gridded-tube windows, the dark current produced will be less

than that for the open multi-cell cavity.
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 Conclusions

Electromagnetic, thermal and structural analyses of RF cavities were per-

formed as part of a developmental RF cavity program for muon cooling. Closing the

RF cavity ends by electrically conducting windows reduces the power requirement and

considerably increases the on-axis electric field for a given maximum surface electric

field. In this work, a finite element method for the electromagnetic and mechanical

design of RF cavity windows is presented. The method is based on performing finite

element analysis from electromagnetic, thermal, and structural points of view in an

iterative manner. The finite element procedure involved several steps. First, the

frequency, electric and magnetic fields, quality factor, and power loss density results

were calculated. Then, the power loss density results were transferred from the elec-

tromagnetic mesh to the thermal mesh to calculate the temperature results. Next, the

temperature results were transferred from the thermal mesh to the structural mesh

to calculate the displacement and the thermal stresses. The procedure was applied

to an 805 MHz RF cavity for a variety of RF cavity window configurations. The

configurations included thin, circular foils and thin-walled, gridded-tube patterns.

As a starting point in the analysis, a cylindrical pillbox cavity closed by thin,

flat, beryllium windows was considered as a benchmark problem. Analytical and

finite element solutions were obtained for the frequency, electric and magnetic fields,

quality factor, power loss density, and temperature profile. Excellent agreement was

obtained between the analytical and finite element results.

Gridded-tube windows, composed of thin-walled tubes arranged in specific pat-

terns, were considered due to their high structural integrity. Three gridded-tube win-



67

dow configurations were studied. The first configuration was a grid of non-touching

tubes, composed of an array of tubes parallel to the x-axis and another array of tubes

parallel to the y-axis, with a small gap between both arrays (see Figure 5.1). The

second configuration was a grid of touching tubes, composed of an array of tubes

parallel to the x-axis and another array of tubes parallel to the y-axis, where both

arrays are in contact with each other. The third configuration was a “waffle” grid,

composed of an array of tubes parallel to the x-axis that is intersecting with another

array of tubes parallel to the y-axis.

The window design should produce a uniform electric field distribution with

negligible electric field distortion. Local field non-uniformity, and field distortion can

affect the spread of the beam energy. In addition, the window design should terminate

the electric field, or cause negligible electric field leakage to the regions outside the

window. The field termination is necessary is because the closed-cell RF cavities

should operate independently. For all the gridded-tube configurations, the electric

field distribution was smooth in the cavity with small distortion in the vicinity of

the grid region. It was found that the arrangement of the tubes controlled the field

termination. For example, both of the “waffle” grid and the grid of touching tubes

terminated the fields.

This thesis presented innovative ideas for decreasing the surface electric field

enhancement in RF cavities by using RF cavity windows. The surface electric field

enhancement was defined as the ratio of the maximum surface electric field to the

on-axis electric field. In a field emission study for the open, multicell 805 MHz test

cavity, dark current was found to be proportional to the surface electric field raised

to the tenth power [Norem at al. (2003c)]. So reducing this ratio serves to consid-

erably reduce the dark current. For the open, multicell, 805 MHz test cavity, the

surface electric field enhancement was about 2.6. For the 805 MHz test cavity closed
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by beryllium foils, the surface electric field enhancement was about 1.11. For the

805 MHz test cavity with gridded tube windows, the surface electric field enhance-

ment ranged between 1.31 to 1.95 depending on the grid pattern. It was concluded

that increasing the number of tubes in the grid, increasing the tube outer diameter,

and/or decreasing the spacing between the tubes in the middle of the grid reduces

the surface electric field enhancement.

RF heating can cause the windows to deform out-of-plane. The out-of-plane

deflection of the window must be kept below 25 µm to prevent the frequency of the

cavity from shifting more than 10 kHz. The thermal stresses in the window must

also be maintained below the yield stress of the window material. The 4× 4 “waffle”

gridded-tube window, with a grid radius of 80.0 mm, and a tube diameter of 9.5

mm, was assumed to be the baseline gridded-tube window. For the baseline gridded-

tube window, with a grid wall thickness of 254µm, the maximum temperature rise

in the grid was 55.6 oC. The maximum displacement was 110 µm. The maximum

von Mises stress was 245 MPa, and the yield stress safety factor was 1.12. Cooling

this gridded-tube window by helium gas, at a convection heat transfer coefficient of

250 W/m2 · K, decreased the maximum temperature rise in the grid to 7.7 oC. The

maximum displacement was also decreased to 13µm. The maximum von Mises stress

was decreased to 30.8 MPa, and the yield stress safety factor was increased to 8.96.

The gridded-tube RF cavity windows studied in this thesis are new designs

that have not been previously considered. The present work shows that gridded-tube

windows are feasible for use in RF cavity applications provided that the grid pattern,

tube outer diameter, tube wall thickness, and other design parameters are chosen

appropriately.
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7.2 Recommendations for Future Work

1) Field emission forces major limitations on a variety of RF applications. The

electromagnetic stress exerted by the electric field on the emitter could be sufficient

to pull out metallic particles and weld them to the surfaces. A technique is needed

to help gain an understanding of the relationships between the surface electric field,

material particles, and field emission.

2) This work presented innovative RF cavity windows such as the gridded-tube

windows and demonstrated a procedure for their design. In the international muon

cooling and ionization experiment (MICE), 201.25 MHz cavities were proposed for

use as accelerating structures. It is recommended to study the design of gridded-tube

windows for the RF cavities in MICE and other RF applications.
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APPENDIX A

DESCRIPTION OF THE DAMAGE IN THE TITANIUM WINDOW DUE TO

FIELD EMISSION
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Figure A.1. Damage in the Titanium Vacuum Window Caused by Field Emission
[Norem at al. (2003c)].

Figure A.2. Scanning Electron Microscope Image of Copper Splattered on
the Inner Surface of the Titanium Window Caused by Field Emission
([Norem at al. (2003c)].
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APPENDIX B

FINITE ELEMENT FORMULATION OF THE ELECTRIC FIELD INSIDE

THREE DIMENSIONAL CAVITIES
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The governing equation for the electric field inside an RF cavity that is filled

with a dielectric medium is given by

�∇×
(
�∇× �E

)
− µεω2 �E = 0, (B.1)

where �E is the electric field, ω is the frequency of the cavity, µ is the magnetic

permeability of the medium, and ε is the permittivity of the medium. At points on

the inner surface of the cavity, the following condition must hold

�n × �E = 0, (B.2)

where �n is the unit outward normal to the inner surface of the cavity. If we multiply

Equation (B.1) by a test function, �V , and integrate over the volume of the cavity, v,

we get ∫
v

[
�V .
(
�∇×

(
�∇× �E

))]
dv − µεω2

∫
v

(
�V · �E

)
dv = 0. (B.3)

Using the vector identity, �A · (�∇× �B) = (�∇× �A) · �B − �∇ · ( �A × �B), Equation (B.3)

can be written as

∫
v
(∇× �V ) ·

(
�∇× �E

)
dv = µεω2

∫
v

�V · �Edv +
∫

v

�∇ ·
[
�V ×

(
�∇× �E

)]
dv. (B.4)

Using the divergence theorem,
∫
v(

�∇ · �A)dv =
∫
S( �A · �n)dS, Equation (B.4) becomes

∫
v
(�∇× �V ) ·

(
�∇× �E

)
dv = µεω2

∫
v

�V · �Edv −
∫

S

�V ·
[
�n ×

(
�∇× �E

)]
dS, (B.5)

where S is the inner surface of the cavity. The boundary condition given by (B.2)

requires that the last term in Equation (B.5) vanish. Equation (B.5) becomes,

∫
v
(∇× �V ) ·

(
�∇× �E

)
dv = µεω2

∫
v

�V · �Edv. (B.6)

For the 6-noded tetrahedral element shown in Figure B.1, The electric field

can be represented as [see e.g. Reddy et al. (1994)],

�E =
6∑

m=1

em
�Nm, (B.7)
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where m stands for the edge number, em are the magnitudes of the electric field along

each edge, and �Nm are the vector tangential edge elements given by [Bossavit (1989)]

as

�WN = Lm

(
αti

�∇αtj − αtj
�∇αti

)
, (B.8)

where i and j stands for the nodes connecting the edge m, Lm is the length of the

edge m, αti and αtj are the simplex coordinate associated with nodes i and j.

Figure B.1. Tetrahedral Element with Four Nodes and Six Edges.

Finally, upon the substitution of Equation (B.7) into Equation (B.6), and

integrating over the volume of a single tetrahedral element, we get

6∑
m=1

∫
v

(
�∇× �Nm

)
·
(
�∇× �Nn

)
emdv = µεω2

6∑
m=1

∫
v

(
�Nm · �Nn

)
emdv. (B.9)

Equation (B.6) can be rewritten as

[Sel] [e] = ω2 [Tel] [e] , (B.10)

where [Sel] is given by

[Sel] =
∫

v

(
�∇× �Nm

)
·
(
�∇× �Nn

)
emdv, (B.11)
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and [Tel] is given by

[Tel] = µε
6∑

m=1

∫
v

(
�Nm · �Nn

)
emdv. (B.12)

The electric field inside the cavity is then obtained by assembling the element matrices

over all the tetrahedral elements such that

[S] [e] = ω2 [T ] [e] . (B.13)

The eigenvalues can be extracted using a standard lancos algorithm [see e.g. Bathe

(2004)].
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